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Abstract
Multiple Dedekind zeta values were recently defined by the second
author. In a separate paper, the second author constructed double
shuffle relations in some cases as a response to questions asked by
Richard Hain and Alexander Goncharov.
In this paper, we develop the technique for obtaining more shuf-
fle relations and produce many examples of shuffle products over an
imaginary quadratic field. We also define the notion of self shuffle of
a (multiple) Dedekind zeta value and use it at many instances. We
define a refinement of the multiple Dedekind zeta values. Our key ex-
amples are self shuffles of the Dedekind zeta at 2 and at 3, the shuffle
product of the Dedekind zeta of 2 times itself, and the shuffle product
of the Dedekind zeta at 2 times the Dedekind zeta at 3.
We obtain one unexpected result that the self shuffle of multiple
Dedekind zeta at (1,2) minus the self shuffle of the twisted (with a
permutation) multiple Dedekind zeta value at (1,2) is a very simple
expression in terms of the refined multiple Dedekind zeta values.
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0 Introduction
Recently, the last author has defined multiple Dedekind zeta values (MDZVs)
as a number field analogue of Euler’s multiple zeta values (MZVs) in the same
way as the Dedekind zeta values are a number field analogue of the Riemann
zeta values.
Before recalling the definitions for each type of zeta value, we would like to
say a few words regarding the purpose of this paper. It is well known that a
product of two MZV can be expressed as a sum of such. One way to obtain
this sum is to write each MZV as an infinite series. Then one can express
the product of such series as a sum of similar types of series, which are again
MZVs. This process is called a stuffle product. There is another way of
expressing a product of MZVs as a sum of such, which produces a different
formula. It is based on an integral representation of MZV as Chen’s iterated
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integrals. For such integrals, there is a shuffle product, which produces a
sum of iterated integrals. Each of the new iterated integrals is again a MZV.
The second way of expressing a product of two MZVs as a sum of such
using iterated integrals is called a shuffle product. The shuffle and the stuffle
product are often called double shuffle relations.
Many people have asked whether the MDZVs possess a double shuffle relation
similar to the double shuffle for MZVs. The first answer to this question is
given in [H4], where only one example of double shuffles is considered in
details.
his paper is the first one of a sequence of three papers where we develop
more systematic approach and produce much more examples of shuffles and
stuffles of MDZVs.
The first paper of this sequence deals with shuffle products. We refine the
definition so that we can perform stuffle products. Theoretically, the new
ingredient is exactly the refinement of MDZVs. Simply said, the MDZVs
defined in [H3] can be expressed as a finite sum of the MDZVs that are defined
in this paper. The advantage of the new definition is twofold. First, the new
MDZVs have an integral representation as well as shuffle and stuffle products.
The previous definition of MDZV has only an integral representation and a
shuffle product, but not a stuffle product. Second, in the paper [H3], we
prove the analytic continuation of the (old) MDZVs by performing exactly
the same refinement into a finite sum, which are the new MDZVs. For each
of the new MDZVs, we prove the analytic continuation separately. Therefore
the analytic continuation holds for the old MDZVs.
The second paper of this sequence deals with the stuffle product. Since
the examples of stuffle products and shuffle products are quite lengthy, we
decided to separate them into two papers. Moreover, both the first and the
second papers feature new definitions and new examples, which is another
reason for separating them into two papers.
The careful reader would notice that we mentioned about a sequence of
three papers regarding the double shuffle. We described briefly the first
one, establishing shuffle product, and the second one, establishing the stuffle
product, which are two papers not three.
The third paper will use both the shuffle and stuffle product in order to
obtain linear relations among MDZVs (over imaginary quadratic fields). It
might seem at first that we will be using only the previous two papers and
produce many examples. However, for MDZVs there is a new phenomenon:
there exists a ”self shuffle” and a ”self stuffle” relation of sorts, which we will
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call a selfie and a souffle, respectively.
If we perform a shuffle product of two (multiple) Dedekind zeta values, then
we can express them as a sum of MDZVs. However, the double shuffle does
not stop there. Each of the new MDZVs can be self stuffled (souffled). After
that point neither the shuffle nor the stuffle can be applied. This process
leads to one formula.
Conversely, if we take the same two (multiple) Dedekind zeta values, then
we can perform a stuffle product an express them in a different way as a sum
of MDZVs. Each of the new MDZVs can be self shuffled (selfied). After this
point neither the shuffle nor the stuffle can be applied. This leads to another
formula.
Comparing the two formulas, we obtain a linear relation among MDZVs,
which is the goal of the third paper.
Let us recall the various zeta values that we mentioned. Riemann zeta values
are defined by
ζ(n) =
∞∑
k=1
1
kn
.
Multiple zeta values (MZVs) are defined as
ζ(n1, . . . , nd) =
∑
0<k1<k2<...<kd
1
kn11 k
n2
2 . . . k
nd
d
.
For d = 1 or 2, they were defined by Euler [Eu]. Over a finite extension of Q,
there is an analogue of the Riemann zeta, called the Dedekind zeta, which is
defined as follows:
ζK(n) =
∑
a6=(0)
1
N(a)n
,
where the sum is over all ideals a different from the zero ideal of the ring of
algebraic integers in the number field K.
For the definition of multiple Dedekind zeta values (MDZVs) we follow the
paper [H3]. In order to define MDZVs, first we consider the above sum,
however instead of summing over all ideals different from (0), we sum over all
non-zero principal ideals. (If we sum over a fixed ideal class of non-principal
ideals, there is trick to reduce the sum to a summation over principal ideals.)
We also use a definition of discrete cones over a ring of algebraic integers.
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Given a cone C, we define a MDZV as
ζK;C(n1, n2) =
∑
α,β∈C
1
N(α)n1N(α + β)n2
.
One advantage of this definition is that it has a natural integral representa-
tion. Let dt be the standard measure on the real line. Let
DT8 = dt1dt
′
1du1du
′
1dt2dt
′
2du2du
′
2
be the 8-fold product of such measures. Then
ζK;C(2, 2) =
=
∑
α,β∈C
1
N(α)2N(α + β)2
=
=
∫
t1>t
′
1
>u1>u
′
1
>0, t2>t′2>u2>u
′
2
>0
exp(−α1t1 − α2t2 − β1u1 − β2u2)DT8,
where K is a quadratic number field and α1 and α2 are the values of the two
different complex embeddings of K into C; similarly for β.
The key idea in the computation of the above integral is the following lemma,
which is an exercise in calculus.
Lemma 0.1 If Re(α) > 0 then
∫
t>u
exp(−αt)dt =
exp(−αu)
α
.
A key part of this paper is based on iterated integrals. In the one dimensional
setting, over paths, that idea was extensively examined by K.-T. Chen (see
[Ch1], [Ch2]). The higher dimensional analogue of iterated path integrals,
we call ”iterated integrals on membranes”. First they were defined by the
first author in [H1], as a first attempt to generalize Manin’s construction [?]
of a noncommutative modular symbol to a noncommutative Hilbert modu-
lar symbol on a Hilbert modular surface. That preprint was improved and
published as [H2]. Another idea from the preprint [H1] was the construction
of multiple Dedekind zeta values, which was completed in [H3]. The idea of
such iterated integrals was inspired by a talk by Ronny Brown on cubical
categories based on the paper [BH].
5
Independently, Thomas Tradler, Scott O.Wilson, Mahmoud Zeinalian [TWZ],
defined similar types of iterated integrals to examine analogues of connections
in dimension 2, called gerbes.
For applications in number theory, especially Dedekind zetas, we heavily use
the idea of a “cone”, which started with a paper of Don Zagier [Z] for real
quadratic fields, developed further by Shintani [Sh] for totally real number
fields and used by [C] to construct p-adic interpolation of Dedekind zeta
values. In the paper [H3], we have extended the notion of a cone in order to
be suitable for any number ring (not only totally real). In the current paper,
we use the idea of “cone” in order to denote “positive cone” from the paper
[H3]. This means that the integers in the imaginary quadratic ring that that
we are summing over have positive real part.
In the paper [H3], for the purpose of proving analytic continuation, based on
distribution, [GSh], we constructed a refinement of MDZVs, essentially by
cutting the cubes in the definition of the MDZVs into simplices in a suitable
way. A similar idea was used also in the first paper on shuffles of of MDZV,
[H4]. It is used in the current paper as well.
Other analogues of MDZV over imaginary quadratic rings were examined by
[G].
1 Self shuffle of (multiple) Dedekind zeta val-
ues
Let us consider the simplest case of convergent Dedekind zeta values, namely,
ζK(2), where K is an imaginary quadratic field.
Let OK be the ring of integers in the number field K. We define a domain
C in the ring OK
C = {α ∈ OK |Re(α) > 0} ∪ {α ∈ OK |Re(α) = 0, Im(α) > 0}.
1.1 Self shuffle of ζK,C(2)
We define Dedekind zeta at 2 by
ζK(2) =
∑
α∈C
1
N(α)2
.
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Note that this definition differs from the classical one. The essential difference
here is that the sum is only over principal ideals. Let α1 = α and α2 be two
complex conjugates. Then
ζK(2) =
∑
α∈C
∫
t1>u1>0, t2>u2>0
exp(−α1t1 − α2t2)dt1du1dt2du2
Here the domain of integration consists of a product of two simplices. Al-
ternatively, the domain of integration consists of two independent chains of
inequalities between the variables. The self-shuffle consists of all possible
shuffles of the two chains of inequalities, namely,
ζK(2) =
=
∑
α∈C
∫
t1>u1>0, t2>u2>0
exp(−α1t1 − α2t2)dt1du1dt2du2 =
=
∑
α∈C
(∫
t1>u1>t2>u2>0
+
∫
t1>t2>u1>u2>0
+
+
∫
t1>t2>u2>u1>0
+
∫
t2>t1>u1>u2>0
+
+
∫
t2>t1>u2>u1>0
+
∫
t2>u2>t1>u1>0
)
exp(−α1t1 − α2t2)dt1du1dt2du2 =
=
∑
α∈C
(
1
α21(α1 + α2)
2
+
1
α11(α1 + α2)
3
+
+
1
α11(α1 + α2)
3
+
1
α12(α1 + α2)
3
+
+
1
α12(α1 + α2)
3
+
1
α22(α1 + α2)
2
)
.
Definition 1.1 Given a cone C, we define the following multiple Dedekind
zeta values ζρ(n,m), where ρ is a permutation of the two elements {1, 2} by
ζρ(n,m) =
∑
α1∈C
1
(αρ(1))m(α1 + α2)n
,
where α1 and α2 are Galois conjugates.
Then we obtain the following.
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Proposition 1.2 (a) The self-shuffle of the Dedekind zeta ζK,C(2) is
ζK(2) = ζ
(1)(2, 2) + 2ζ (1)(1, 3) + 2ζ (12)(1, 3) + ζ (12)(2, 2).
(b) If the cone C is Galois invariant then ζ (12)(2, 2) = ζ (1)(2, 2) and ζ (12)(1, 3) =
ζ (1)(1, 3). In that case
ζK,C(2) = 2ζ
(1)(2, 2) + 4ζ (1)(1, 3).
Remark 1.3 In Proposition 3.1 part (b), the formula resembles the following
shuffle of MZV:
ζ(2)ζ(2) = 2ζ(2, 2) + 4ζ(1, 3).
In both cases the (integral) shuffle process is exactly the same. The difference
is that the integrands are different, Thus the values are different.
1.2 Self shuffle of ζK,C(3)
For an integral representation of the Dedekind zeta value ζK,C(3), we use the
same formula as in the paper [H3].
ζK,C(3) =
∑
α∈K
1
N(α)3
=
∑∫
t1>u1>v1>0;t2>u2>v2>0
exp(−α1t1 − α2t2)DT6 (1)
In order to obtain a refinement of this Dedekind zeta value, we need to
write all the variables in the domain of integration as a single chain of strict
inequalities. We have to list all possible ways of writing all the variables in
a single chain of inequalities such that they satisfy each of the two chains
of inequalities from the domain of integration in Formula (1). The following
list of inequalities exhausts all such possible shuffles of variables between the
two chains:
1. t1 > u1 > v1 > t2 > u2 > v2 > 0
2. t1 > u1 > t2 > v1 > u2 > v2 > 0
3. t1 > u1 > t2 > u2 > v1 > v2 > 0
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4. t1 > u1 > t2 > u2 > v2 > v1 > 0
5. t1 > t2 > u1 > v1 > u2 > v2 > 0
6. t1 > t2 > u1 > u2 > v1 > v2 > 0
7. t1 > t2 > u1 > u2 > v2 > v1 > 0
8. t1 > t2 > u2 > u1 > v1 > v2 > 0
9. t1 > t2 > u2 > u1 > v2 > v1 > 0
10. t1 > t2 > u2 > v2 > u1 > v1 > 0
11. t2 > t1 > u1 > v1 > u2 > v2 > 0
12. t2 > t1 > u1 > u2 > v1 > v2 > 0
13. t2 > t1 > u1 > u2 > v2 > v1 > 0
14. t2 > t1 > u2 > u1 > v1 > v2 > 0
15. t2 > t1 > u2 > u1 > v2 > v1 > 0
16. t2 > t1 > u2 > v2 > u1 > v1 > 0
17. t2 > u2 > t1 > u1 > v1 > v2 > 0
18. t2 > u2 > t1 > u1 > v2 > v1 > 0
19. t2 > u2 > t1 > v2 > u1 > v1 > 0
20. t2 > u2 > v2 > t1 > u1 > v1 > 0
Therefore, we obtain the following refinement, where the enumeration of the
above 20 domains of of integration correspond to the order of the summation
in the formula below.
ζK,C(3) =
∑∫
t1>u1>v1>0;t2>u2>v2>0
exp(−α1t1 − α2t2)DT6
=
∑ 1
α31(α1 + α2)
3
+
∑ 1
α21(α1 + α2)
4
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+
∑ 1
α21(α1 + α2)
4
+
∑ 1
α21(α1 + α2)
4
+
∑ 1
α1(α1 + α2)5
+
∑ 1
α1(α1 + α2)5
+
∑ 1
α1(α1 + α2)5
+
∑ 1
α1(α1 + α2)5
+
∑ 1
α1(α1 + α2)5
+
∑ 1
α1(α1 + α2)5
+
∑ 1
α2(α1 + α2)5
+
∑ 1
α2(α1 + α2)5
+
∑ 1
α2(α1 + α2)5
+
∑ 1
α2(α1 + α2)5
+
∑ 1
α2(α1 + α2)5
+
∑ 1
α2(α1 + α2)5
+
∑ 1
α22(α1 + α2)
4
+
∑ 1
α22(α1 + α2)
4
+
∑ 1
α22(α1 + α2)
4
+
∑ 1
α32(α1 + α2)
3
= ζ (1)(3, 3) + 3ζ (1)(2, 4) + 6ζ (1)(1, 5) + 6ζ (12)(1, 5) + 3ζ (12)(2, 4) + ζ (12)(3, 3).
If the cone C is Galois invariant then
Proposition 1.4
ζK,C(3) = 2ζ
(1)(3, 3) + 6ζ (1)(2, 4) + 12ζ (1)(1, 5). (2)
Remark: Note that the refinement of the Dedekind zeta ζK,C(3) from For-
mula (2) resembles the shuffle product of the zeta values
ζ(3)ζ(3) = 2ζ(3, 3) + 6ζ(2, 4) + 12(1, 5).
We leave as an exercise for the reader to prove that if the shuffle product of
ζ(n)ζ(n) =
∑
i
ciζ(ai, bi)
then
ζK,C(n) =
∑
i
ciζ
(1)(ai, bi).
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1.3 Definition of refinement of MDZVs
Let α1 and α3 be elements of a cone C. Let α2 and α4 be the Galois conjugates
of α1 and α3, respectively. We give the following refinement of the definition
of MDZV.
Definition 1.5
ζ (1)(a, b, c, d) =
∑
α1,α3∈C
1
(α1)a(α1 + α2)b(α1 + α2 + α3)c(α1 + α2 + α3 + α4)d
.
If ρ is a permutation of the four elements {1, 2, 3, 4}, then we define
ζρ(a, b, c, d) =
∑
α1,α3∈C
1
(αρ(1))a(αρ(1) + αρ(2))b(αρ(1) + αρ(2) + αρ(3))c(α1 + α2 + α3 + α4)d
.
1.4 Simplification using classes of permutation
In this subsection we construct an algorithm that simplifies expressions con-
sisting of many terms of MDZVs. The key idea of the simplification is to
use classes of permutations instead of permutations that appear in the new
definition of MDZVs.
Assume that the summation of the terms in a MDZV is over α1 and α3 each
of which belongs to the same cone C. Moreover, we assume that the cone
C is Galois invariant; that is, if we conjugate each element of the cone C
using the non-trivial element of the Galois group Gal(K/Q) then we obtain
a new cone that coincides with the first cone C. Let α2 and α4 be the Galois
conjugates of α1 and α3, respectively. Then the possible permutations in the
MDZV of the above type are permutations S4 of the four elements {1, 2, 3, 4}.
There are non-trivial permutations ρ ∈ S4 such that ζ
ρ(a, b, c, d) = ζ (1)(a, b, c, d).
If ρ is the Galois conjugation of the first cone then the above equality holds
since the cone C is Galois invariant. In terms of particular permutation
ρ1 = (12) since it permutes α1 with α2. Similarly, the conjugation of the
second cone ρ2 = (34) will permute α3 with α4. Also we can interchange
the two cones. That would not change the value of the MDZV. In this case,
ρ3 = (13)(24). We can multiply ρ1, ρ2 and ρ3 in any order and the resulting
permutation would give the same MDZV as if we had the trivial permutation.
In is straightforward to check that the subgroup of S4 generated by ρ1, ρ2
and ρ3 consists of the following elements:
H = {(1), (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)}.
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Then if ρ is a permutation of four elements in S4 and h ∈ H then ζ
ρh(a, b, c, d) =
ζρ(a, b, c, d), since the permutation ρh acts on the set {1, 2, 3, 4} by h, which
does not change the value and then by ρ. Thus the cosets we need to consider
are of the type ρH . Since there are 24 elements in S4 and 8 elements in H
then there are only three cosets in S4/H .
Now we can state the algorithm for simplification of sums MDZVs. Let g1
and g2 be elements of S4. First we check whether their are in the same
H-coset. If g2 = g1h for some h ∈ H then they are in the same coset. In
fact this is always true if g1 and g2 are in the same H-coset. In that case
g−11 g2 = h ∈ H.
Therefore we have the algorithm
ζg1(a, b, c, d) = ζg2(a, b, c, d),
when g−11 g2 ∈ H .
1.5 Self shuffle of ζ
(1)(1)
K,C (1, 2)
The definition and the integral representation of ζ
(1)(1)
K,C (1, 2) is taken from the
paper [H3] Section “Examples”. The shuffle computation below is obtained
by shuffling the two chains of inequalities t1 > u1 > v1 > 0 and t2 > u2 >
v2 > 0. Their shuffles gives us the new types of MDZVs as given in Definition
1.5
ζ
(1)(1)
K,C (1, 2) =
∑
α,β∈K
1
N(α)N(α + β)2
=
∑∫
t1>u1>v1>0;t2>u2>v2>0
exp(−α1t1 − α2t2 − β1u1 − β2u2)
= ζ (1)(1, 2; 1, 2) + ζ (1)(1, 1; 2, 2) + 2ζ (1)(1, 1; 1, 3)
+ζ (23)(1, 1; 2, 2) + 2ζ (23)(1, 1; 1, 3) + 2ζ (234)(1, 1; 1, 3)
+ζ (234)(1, 1; 2, 2) + ζ (132)(1, 1; 2, 2) + 2ζ (132)(1, 1; 1, 3)
+2ζ (1342)(1, 1; 1, 3) + ζ (1342)(1, 1; 2, 2) + 2ζ (13)(24)(1, 1; 1, 3)
+ζ (13)(24)(1, 1; 2, 2) + ζ (13)(24)(1, 2; 1, 2).
Based on the algorithm defined in Subsection 1.4 we can simplify the expres-
sion if the cone C is Galois invariant. Then
ζK,C(1, 2) = 2ζ
(1)(1, 2; 1, 2)
12
+2ζ (1)(1, 1; 2, 2) + 4ζ (23)(1, 1; 2, 2) +
+4ζ (1)(1, 1; 1, 3) + 8ζ (23)(1, 1; 1, 3)
1.6 Self shuffle of ζ
(12)(1)
K,C (1, 2)
The definition and the integral representation of ζ
(12)(1)
K,C (1, 2) is taken from the
paper [H3] Section “Examples”. We proceed with the computation exactly
in the same way as in the previous Subsection.
ζ
(12),(1)
K (1, 2) =
∑
α,β∈K
1
α2β1N(α + β)2
=
∑∫
t1>u1>v1>0;t2>u2>v2>0
exp(−α1u1 − α2t2 − β1t1 − β2u2)
= ζ (12)(1, 2; 1, 2) + ζ (12)(1, 1; 2, 2) + 2ζ (12)(1, 1; 1, 3)
+ζ (123)(1, 1; 2, 2) + 2ζ (123)(1, 1; 1, 3) + 2ζ (1234)(1, 1; 1, 3)
+ζ (1234)(1, 1; 2, 2) + ζ (13)(1, 1; 2, 2) + 2ζ (13)(1, 1; 1, 3)
+2ζ (134)(1, 1; 1, 3) + ζ (134)(1, 1; 2, 2) + 2ζ (13)(24)(1, 1; 1, 3)
+ζ (13)(24)(1, 1; 2, 2) + ζ (13)(24)(1, 2; 1, 2).
If the cone is Galois invariant then
ζ
(12),(1)
K (1, 2) = 2ζ
(1)(1, 2; 1, 2)
+2ζ (1)(1, 1; 2, 2) + 3ζ (23)(1, 1; 2, 2) + ζ (1234)(1, 1; 2, 2)
+4ζ (1)(1, 1; 1, 3) + 6ζ (23)(1, 1; 1, 3) + 2ζ (1234)(1, 1; 1, 3)
As a consequence we obtain the following
Corollary 1.6
ζ
(1),(1)
K (1, 2)− ζ
(12),(1)
K (1, 2) = ζ
(23)(1, 1; 2, 2)− ζ (1234)(1, 1; 2, 2)
+2ζ (23)(1, 1; 1, 3)− 2ζ (1234)(1, 1; 1, 3).
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2 Shuffle product of ζK,C(2)ζK,C(2)
2.1 Preliminary
For the Dedekind zeta at 2 we have
ζK,C(2) = 2ζ
(1)(2, 2) + 4ζ (1)(1, 3),
when the cone is Galois invariant. In that case, Therefore,
ζK,C(2)ζK,C(2) = 4ζ
(1)(2, 2)ζ (1)(2, 2)+8ζ (1)(2, 2)ζ (1)(1, 3)+16ζ (1)(1, 3)ζ (1)(1, 3).
In order to complete the shuffle of the product of ζK,C(2) with itself, we need
to compute the following three shuffles products ζ (1)(2, 2)ζ (1)(2, 2), ζ (1)(2, 2)ζ (1)(1, 3)
and ζ (1)(1, 3)ζ (1)(1, 3). This problems are solved in the following four subsec-
tions, where the first one is dealing only with the needed inequalities among
the variable.
2.2 Needed inequalities for the shuffles
This subsection deals with inequalities needed in the following three subsec-
tions dealing with similar types of shuffle products. More precisely, here we
compute the shuffle of
t1 > t2 > t3 > t4 > 0
and
u1 > u2 > u3 > u4 > 0.
1. t1 > t2 > t3 > t4 > u1 > u2 > u3 > u4 > 0
2. t1 > t2 > t3 > u1 > t4 > u2 > u3 > u4 > 0
3. t1 > t2 > t3 > u1 > u2 > t4 > u3 > u4 > 0
4. t1 > t2 > t3 > u1 > u2 > u3 > t4 > u4 > 0
5. t1 > t2 > t3 > u1 > u2 > u3 > u4 > t4 > 0
***
6. t1 > t2 > u1 > t3 > t4 > u2 > u3 > u4 > 0
7. t1 > t2 > u1 > t3 > u2 > t4 > u3 > u4 > 0
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8. t1 > t2 > u1 > t3 > u2 > u3 > t4 > u4 > 0
9. t1 > t2 > u1 > t3 > u2 > u3 > u4 > t4 > 0
***
10. t1 > t2 > u1 > u2 > t3 > t4 > u3 > u4 > 0
11. t1 > t2 > u1 > u2 > t3 > u3 > t4 > u4 > 0
12. t1 > t2 > u1 > u2 > t3 > u3 > u4 > t4 > 0
***
13. t1 > t2 > u1 > u2 > u3 > t3 > t4 > u4 > 0
14. t1 > t2 > u1 > u2 > u3 > t3 > u4 > t4 > 0
***
15. t1 > t2 > u1 > u2 > u3 > u4 > t3 > t4 > 0
*** ***
16. t1 > u1 > t2 > t3 > t4 > u2 > u3 > u4 > 0
17. t1 > u1 > t2 > t3 > u2 > t4 > u3 > u4 > 0
18. t1 > u1 > t2 > t3 > u2 > u3 > t4 > u4 > 0
19. t1 > u1 > t2 > t3 > u2 > u3 > u4 > t4 > 0
***
20. t1 > u1 > t2 > u2 > t3 > t4 > u3 > u4 > 0
21. t1 > u1 > t2 > u2 > t3 > u3 > t4 > u4 > 0
22. t1 > u1 > t2 > u2 > t3 > u3 > u4 > t4 > 0
***
23. t1 > u1 > t2 > u2 > u3 > t3 > t4 > u4 > 0
24. t1 > u1 > t2 > u2 > u3 > t3 > u4 > t4 > 0
***
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25. t1 > u1 > t2 > u2 > u3 > u4 > t3 > t4 > 0
*** ***
26. t1 > u1 > u2 > t2 > t3 > t4 > u3 > u4 > 0
27. t1 > u1 > u2 > t2 > t3 > u3 > t4 > u4 > 0
28. t1 > u1 > u2 > t2 > t3 > u3 > u4 > t4 > 0
***
29. t1 > u1 > u2 > t2 > u3 > t3 > t4 > u4 > 0
30. t1 > u1 > u2 > t2 > u3 > t3 > u4 > t4 > 0
***
31. t1 > u1 > u2 > t2 > u3 > u4 > t3 > t4 > 0
*** ***
32. t1 > u1 > u2 > u3 > t2 > t3 > t4 > u4 > 0
33. t1 > u1 > u2 > u3 > t2 > t3 > u4 > t4 > 0
***
34. t1 > u1 > u2 > u3 > t2 > u4 > t3 > t4 > 0
*** ***
35. t1 > u1 > u2 > u3 > u4 > t2 > t3 > t4 > 0
*** *** ***
36. u1 > t1 > t2 > t3 > t4 > u2 > u3 > u4 > 0
37. u1 > t1 > t2 > t3 > u2 > t4 > u3 > u4 > 0
38. u1 > t1 > t2 > t3 > u2 > u3 > t4 > u4 > 0
39. u1 > t1 > t2 > t3 > u2 > u3 > u4 > t4 > 0
***
40. u1 > t1 > t2 > u2 > t3 > t4 > u3 > u4 > 0
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41. u1 > t1 > t2 > u2 > t3 > u3 > t4 > u4 > 0
42. u1 > t1 > t2 > u2 > t3 > u3 > u4 > t4 > 0
***
43. u1 > t1 > t2 > u2 > u3 > t3 > t4 > u4 > 0
44. u1 > t1 > t2 > u2 > u3 > t3 > u4 > t4 > 0
***
45. u1 > t1 > t2 > u2 > u3 > u4 > t3 > t4 > 0
*** ***
46. u1 > t1 > u2 > t2 > t3 > t4 > u3 > u4 > 0
47. u1 > t1 > u2 > t2 > t3 > u3 > t4 > u4 > 0
48. u1 > t1 > u2 > t2 > t3 > u3 > u4 > t4 > 0
***
49. u1 > t1 > u2 > t2 > u3 > t3 > t4 > u4 > 0
50. u1 > t1 > u2 > t2 > u3 > t3 > u4 > t4 > 0
***
51. u1 > t1 > u2 > t2 > u3 > u4 > t3 > t4 > 0
*** ***
52. u1 > t1 > u2 > u3 > t2 > t3 > t4 > u4 > 0
53. u1 > t1 > u2 > u3 > t2 > t3 > u4 > t4 > 0
***
54. u1 > t1 > u2 > u3 > t2 > u4 > t3 > t4 > 0
*** ***
55. u1 > t1 > u2 > u3 > u4 > t2 > t3 > t4 > 0
*** *** ***
56. u1 > u2 > t1 > t2 > t3 > t4 > u3 > u4 > 0
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57. u1 > u2 > t1 > t2 > t3 > u3 > t4 > u4 > 0
58. u1 > u2 > t1 > t2 > t3 > u3 > u4 > t4 > 0
***
59. u1 > u2 > t1 > t2 > u3 > t3 > t4 > u4 > 0
60. u1 > u2 > t1 > t2 > u3 > t3 > u4 > t4 > 0
***
61. u1 > u2 > t1 > t2 > u3 > u4 > t3 > t4 > 0
*** ***
62. u1 > u2 > t1 > u3 > t2 > t3 > t4 > u4 > 0
63. u1 > u2 > t1 > u3 > t2 > t3 > u4 > t4 > 0
***
64. u1 > u2 > t1 > u3 > t2 > u4 > t3 > t4 > 0
*** ***
65. u1 > u2 > t1 > u3 > u4 > t2 > t3 > t4 > 0
*** *** ***
66. u1 > u2 > u3 > t1 > t2 > t3 > t4 > u4 > 0
67. u1 > u2 > u3 > t1 > t2 > t3 > u4 > t4 > 0
***
68. u1 > u2 > u3 > t1 > t2 > u4 > t3 > t4 > 0
*** ***
69. u1 > u2 > u3 > t1 > u4 > t2 > t3 > t4 > 0
*** *** ***
70. u1 > u2 > u3 > u4 > t1 > t2 > t3 > t4 > 0
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2.3 Shuffle product of ζ(1)(2, 2)ζ(1)(2, 2)
ζ(2, 2)ζ(2, 2)
=
∑
α1∈cone
1
(α1)2(α1 + α2)2
∑
α3∈cone
1
(α3)2(α3 + α4)2
=
∑∫
t1>t1,2>t2>t2,2>t3>t3,2>t4>t4,2>0
exp(−α1t1 − α2t2) exp(−α3t3 − α4t4)
=
∑ 1
(α1)2(α1 + α2)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)2(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
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+
∑ 1
(α1)2(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)(α1 + α3)3(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)3(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
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+
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)3(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)3(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
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+
∑ 1
(α3)(α1 + α3)3(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)3(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)2(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)2(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)2(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
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+
∑ 1
(α3)2(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)2(α3 + α4)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)2(α3 + α4)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
+
∑ 1
(α3)2(α3 + α4)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
=
= ζ (1)(2, 2; 2, 2) + 2ζ (1)(2, 1; 3, 2) + 2ζ (1)(2, 1; 2, 3) + 2ζ (23)(2, 1; 3, 2)
+2ζ (23)(2, 1; 2, 3) + ζ (23)(2, 2; 2, 2) + 2ζ (23)(2, 2; 1, 3) + 2ζ (234)(2, 2; 1, 3)
+ζ (234)(2, 2; 2, 2) + 4ζ (132)(1, 2; 3, 2) + 4ζ (132)(1, 2; 2, 3) + 5ζ (132)(1, 3; 2, 2)
+8ζ (132)(1, 3; 1, 3) + 7ζ (1342)(1, 3; 1, 3) + 4ζ (1342)(1, 3; 2, 2) + 4ζ (1342)(1, 2; 2, 3)
+4ζ (1342)(1, 2; 3, 2) + ζ (132)(2, 2; 2, 2) + 2ζ (132)(2, 2; 1, 3) + 4ζ (1342)(2, 2; 1, 3)
+ζ (1342)(2, 2; 2, 2) + 2ζ (1342)(2, 1; 3, 2) + 2ζ (13)(24)(2, 1; 2, 3)
+2ζ (13)(24)(2, 1; 3, 2) + ζ (13)(24)(2, 2; 2, 2).
If the cone C is Galois invariant then
ζ (1)(2, 2)ζ (1)(2, 2) = 2ζ (1)(2, 2; 2, 2) + 4ζ (23)(2, 2; 2, 2)
+4ζ (1)(2, 1; 3, 2) + 4ζ (23)(2, 1; 3, 2)
+4ζ (1)(2, 1; 2, 3) + 2ζ (23)(2, 1; 2, 3)
+10ζ (23)(2, 2; 1, 3)
+8ζ (132)(1, 2; 3, 2) + 8ζ (132)(1, 2; 2, 3)
+9ζ (132)(1, 3; 2, 2) + 15ζ (132)(1, 3; 1, 3).
2.4 Shuffle product of ζ(1)(2, 2)ζ(1)(1, 3)
ζ(2, 2)ζ(1, 3) =
=
∑
α1∈cone
1
(α1)2(α1 + α2)2
∑
α3∈cone
1
α3(α3 + α4)3
=
∑∫
t1>t2>t3>t4>0, u1>u2>u3>u4>0
exp(−α1t1 − α2t3 − α3u1 − α4u2)DT8
23
=
∑ 1
(α1)2(α1 + α2)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)2(α1 + α2)(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)1(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)2(α1 + α3)(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α1)2(α1 + α3)(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)2(α1 + α3)(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)2(α1 + α3)(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α1)2(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)2(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α1)2(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
(∗∗) +
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
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+
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α1)(α1 + α3)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
(∗∗) +
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
+
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)4(α1 + α2 + α3 + α4)2
(∗∗) +
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
+
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)4(α1 + α2 + α3 + α4)2
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(∗∗) +
∑ 1
(α1)(α1 + α3)(α1 + α3 + α4)4(α1 + α2 + α3 + α4)2
(∗ ∗ ∗) +
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α1 + α3)2(α1 + α2 + α3)(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α3)(α1 + α3)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
(∗∗) +
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)4(α1 + α2 + α3 + α4)2
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(∗∗) +
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
(∗∗) +
∑ 1
(α3)(α1 + α3)(α1 + α3 + α4)4(α1 + α2 + α3 + α4)2
(∗ ∗ ∗) +
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)4(α1 + α2 + α3 + α4)2
(∗∗) +
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
+
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
(∗) +
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)2(α1 + α2 + α3 + α4)4
(∗∗) +
∑ 1
(α3)(α3 + α4)(α1 + α3 + α4)3(α1 + α2 + α3 + α4)3
(∗ ∗ ∗) +
∑ 1
(α3)(α3 + α4)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
+
∑ 1
(α3)(α3 + α4)2(α1 + α3 + α4)2(α1 + α2 + α3 + α4)3
(∗) +
∑ 1
(α3)(α3 + α4)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
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(∗∗) +
∑ 1
(α3)(α3 + α4)2(α1 + α3 + α4)3(α1 + α2 + α3 + α4)2
(∗ ∗ ∗) +
∑ 1
(α3)(α3 + α4)3(α1 + α3 + α4)2(α1 + α2 + α3 + α4)2
=
= ζ (1)(2, 2; 1, 3) + ζ (1)(2, 1; 2, 3) + 3ζ (1)(2, 1; 1, 4) + ζ (23)(2, 1; 2, 3)
+3ζ (23)(2, 1; 1, 4) + 3ζ (234)(2, 1; 1, 4) + 2ζ (234)(2, 1; 2, 3) + ζ (234)(2, 1; 3, 2)
+ζ (23)(1, 2; 2, 3) + 3ζ (23)(1, 2; 1, 4) + 3ζ (234)(1, 2; 1, 4) + 2ζ (234)(1, 2; 2, 3)
+ζ (234)(1, 2; 3, 2) + 3ζ (234)(1, 1; 2, 4) + 2ζ (234)(1, 1; 3, 3) + ζ (234)(1, 1; 4, 2)
+2ζ (234)(1, 1, 3, 3) + 2ζ (234)(1, 1; 4, 2) + ζ (132)(1, 2; 2, 3) + 3ζ (132)(1, 2; 1, 4)
+3ζ (1342)(1, 2; 1, 4) + 2ζ (1342)(1, 2; 2, 3) + ζ (1342)(1, 2; 3, 2)
+3ζ (1342)(1, 1; 2, 4) + 2ζ (1342)(1, 1; 3, 3) + ζ (1342)(1, 1; 4, 2) + 2ζ (1342)(1, 1; 3, 3)
+ζ (1342)(1, 1, 2, 4) + ζ (1342)(1, 1, 4, 2) + 3ζ (13)(24)(1, 1; 2, 4)
+2ζ (13)(24)(1, 1; 3, 3) + ζ (13)(24)(1, 1; 4, 2) + 3ζ (13)(24)(1, 1, 2, 4) + ζ (13)(24)(1, 1; 3, 3)
+2ζ (13)(24)(1, 2; 2, 3) + 2ζ (13)(24)(1, 2; 3, 2) + ζ (13)(24)(1, 3; 2, 2).
If the cone is Galois invariant then
ζ (1)(2, 2)ζ (1)(1, 3) =
= ζ (1)(2, 2; 1, 3) + ζ (1)(2, 1; 2, 3) + 3ζ (23)(2, 1; 2, 3) +
+3ζ (1)(2, 1; 1, 4) + 6ζ (23)(2, 1; 1, 4) + ζ (23)(2, 1; 3, 2)
+2ζ (1)(1, 2; 2, 3) + 6ζ (23)(1, 2, 2, 3) + 12ζ (23)(1, 2; 1, 4)
+2ζ (1)(1, 2, 3, 2) + 2ζ (23)(1, 2, 3, 2)
+6ζ (1)(1, 1, 2, 4) + 7ζ (23)(1, 2, 1, 4) + 3ζ (1)(1, 1, 3, 3) + 8ζ (23)(1, 1, 3, 3)
+ζ (1)(1, 1, 4, 2) + 5ζ (23)(1, 1; 3, 3) + ζ (1)(1, 3, 2, 2).
2.5 Shuffle product of ζ(1)(1, 3)ζ(1)(1, 3)
ζ(1, 3)ζ(1, 3) =
=
∑
α1∈cone
1
α1(α1 + α2)3
∑
α3∈cone
1
α3(α3 + α4)3
=
∑∫
t1>t2>t2,2>t2,3>0, t3>t4>t4,2>t4,3>0
exp(−α1t1 − α2t2 − α3t3 − α4t4)DT8
= ζ1(1, 3; 1, 3) + ζ1(1, 2; 2, 3) + 3ζ1(1, 2; 1, 4) + ζ1(1, 1; 3, 3) + 3ζ1(1, 1; 2, 4)
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+ 6ζ1(1, 1; 1, 5) + ζ (23)(1, 1; 3, 3) + 3ζ (23)(1, 1; 2, 4) + 6ζ (23)(1, 1; 1, 5) + 6ζ (234)(1, 1; 1, 5)
+ 3ζ (234)(1, 1; 2, 4) + ζ (234)(1, 1; 3, 3) + ζ (132)(1, 1; 3, 3) + 3ζ (132)(1, 1; 2, 4) + 6ζ (132)(1, 1; 1, 5)
+ 6ζ (1342)(1, 1; 1, 5) + 3ζ (1342)(1, 1; 2, 4) + ζ (1342)(1, 1; 3, 3) + 6ζ (13)(24)(1, 1; 1, 5)
+ 3ζ (13)(24)(1, 1; 2, 4) + ζ (13)(24)(1, 1; 3, 3) + 3ζ (13)(24)(1, 2; 1, 4) + ζ (13)(24)(1, 2; 2, 3)
+ ζ (13)(24)(1, 3; 1, 3).
If the cone C is Galois invariant then
ζ(1, 3)ζ(1, 3) = 2ζ (1)(1, 3; 1, 3) + 2ζ (1)(1, 2; 2, 3) + 6ζ (1)(1, 2; 1, 4)
+2ζ1(1, 1; 3, 3) + 4ζ (23)(1, 1; 3, 3)
+6ζ1(1, 1; 2, 4) + 12ζ (23)(1, 1; 2, 4)
+12ζ1(1, 1; 1, 5) + 24ζ (23)(1, 1; 1, 5).
2.6 Formula for the shuffle product of ζK,C(2)ζK,C(2)
Using the self shuffle of ζK,C(2) together with the simplified formulas for the
previous four subsections, assuming Galois invariance of the cone, we obtain
the following Theorem.
Theorem 2.1 The shuffle product of ζK,C(2) times itself in terms of refine-
ments of MDZVs is given by
ζK,C(2)ζK,C(2) =
= 8ζ (1)(2, 2, 2, 2) + 16ζ (1)(2, 1, 3, 2) + 32ζ (1)(2, 1, 2, 3) + 8ζ (1)(2, 2, 1, 3)
+24ζ (1)(2, 1, 1, 4) + 48ζ (1)(1, 2, 2, 3) + 16ζ (1)(1, 2, 3, 2)
+144ζ (1)(1, 1, 2, 4) + 56ζ (1)(1, 1, 3, 3) + 8ζ (1)(1, 1, 4, 2) + 8ζ (1)(1, 3, 2, 2)
+32ζ (1)(1, 3, 1, 3) + 8ζ (1)(1, 2, 1, 4) + 8ζ (1)(1, 1, 15)
+16ζ (23)(2, 2, 2, 2) + 24ζ (23)(2, 1, 3, 2) + 32ζ (23)(2, 1, 2, 3) + 40ζ (23)(2, 2, 1, 3)
+48ζ (23)(1, 2, 3, 2) + 80ζ (23)(1, 2, 2, 3) + 36ζ (23)(1, 3, 2, 2) + 60ζ (23)(1, 3, 1, 3)
+48ζ (23)(2, 1, 1, 4) + 96ζ (23)(1, 2, 1, 4) + 248ζ (23)(1, 1, 2, 4)
+128ζ (23)(1, 1, 3, 3) + 40ζ (23)(1, 1, 4, 2) + 384ζ (23)(1, 1, 1, 5).
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3 Shuffle product ζK,C(2)ζK,C(3)
3.1 Preliminary
In this Section we consider the shuffle of the product ζK,C(2)ζK,C(3). In order
to obtain the answer in the form of the new type of MDZVs, we proceed as
follows. First, we perform a self shuffle of ζK,C(2) and of ζK,C(3).
Earlier, in Propositions and we computed the selfie of Dedekind zeta ζK,C(2),
which is
ζK,C(2) = 2ζ
(1)(2, 2) + 4ζ (1)(1, 3).
and the selfie of the Dedekind zeta ζK,C(3), which is
ζK,C(3) = 2ζ
(1)(3, 3) + 6ζ (1)(2, 4) + 12ζ (1)(1, 5). (3)
Then we have
ζK,C(2)ζK,C(3) =
(
2ζ (1)(2, 2) + 4ζ (1)(1, 3)
) (
2ζ (1)(3, 3) + 6ζ (1)(2, 4) + 12ζ (1)(1, 5)
)
.
In order to compute the shuffle product ζK,C(2)ζK,C(3) in terms of the new
MDZVs, we have to perform the shuffles the six shuffles:
1. ζ (1)(2, 2)ζ (1)(3, 3),
2. ζ (1)(2, 2)ζ (1)(2, 4)
3. ζ (1)(2, 2)ζ (1)(1, 5),
4. ζ (1)(1, 3)ζ (1)(3, 3),
5. ζ (1)(1, 3)ζ (1)(2, 4)
6. ζ (1)(1, 3)ζ (1)(1, 5).
For the ζ (1)(2, 2) we use
ζ (1)(2, 2) =
=
∫
t1>t2>t3>t4>0
exp(−α1t1 − α2t3)dt1dt2dt3dt4
For the ζ (1)(1, 3) we use
ζ (1)(1, 3) =
=
∫
t1>t2>t3>t4>0
exp(−α1t1 − α2t2)dt1dt2dt3dt4
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For the ζ (1)(3, 3) we use
ζ (1)(3, 3) =
=
∫
u1>u2>u3>u4>u5>u6>0
exp(−β1u1 − β2u4)dt1dt2dt3dt4
For the ζ (1)(2, 4) we use
ζ (1)(2, 4) =
=
∫
u1>u2>u3>u4>u5>u6>0
exp(−β1u1 − β2u3)dt1dt2dt3dt4
For the ζ (1)(1, 5) we use
ζ (1)(1, 5) =
=
∫
u1>u2>u3>u4>u5>u6>0
exp(−β1u1 − β2u2)dt1dt2dt3dt4
The following Subsections deal with the above list of six shuffles. Before we
can proceed with this, it is very useful to have the list of all needed shuffles
of chains of inequalities. For that purpose the next subsection gives a list of
all such inequalities.
3.2 Needed inequalities for the shuffles
In this subsection we give a list of all possible shuffle of the two inequalities
t1 > t2 > t3 > t4 > 0
and
u1 > u2 > u3 > u4 > u5 > u6 > 0.
It is possible to list such shuffles algorithmically, however that task is left for
other people to consider.
1. t1 > t2 > t3 > t4 > u1 > u2 > u3 > u4 > u5 > u6 > 0
2. t1 > t2 > t3 > u1 > t4 > u2 > u3 > u4 > u5 > u6 > 0
3. t1 > t2 > t3 > u1 > u2 > t4 > u3 > u4 > u5 > u6 > 0
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4. t1 > t2 > t3 > u1 > u2 > u3 > t4 > u4 > u5 > u6 > 0
5. t1 > t2 > t3 > u1 > u2 > u3 > u4 > t4 > u5 > u6 > 0
6. t1 > t2 > t3 > u1 > u2 > u3 > u4 > u5 > t4 > u6 > 0
7. t1 > t2 > t3 > u1 > u2 > u3 > u4 > u5 > u6 > t4 > 0
***
8. t1 > t2 > u1 > t3 > t4 > u2 > u3 > u4 > u5 > u6 > 0
9. t1 > t2 > u1 > t3 > u2 > t4 > u3 > u4 > u5 > u6 > 0
10. t1 > t2 > u1 > t3 > u2 > u3 > t4 > u4 > u5 > u6 > 0
11. t1 > t2 > u1 > t3 > u2 > u3 > u4 > t4 > u5 > u6 > 0
12. t1 > t2 > u1 > t3 > u2 > u3 > u4 > u5 > t4 > u6 > 0
13. t1 > t2 > u1 > t3 > u2 > u3 > u4 > u5 > u6 > t4 > 0
***
14. t1 > t2 > u1 > u2 > t3 > t4 > u3 > u4 > u5 > u6 > 0
15. t1 > t2 > u1 > u2 > t3 > u3 > t4 > u4 > u5 > u6 > 0
16. t1 > t2 > u1 > u2 > t3 > u3 > u4 > t4 > u5 > u6 > 0
17. t1 > t2 > u1 > u2 > t3 > u3 > u4 > u5 > t4 > u6 > 0
18. t1 > t2 > u1 > u2 > t3 > u3 > u4 > u5 > u6 > t4 > 0
***
19. t1 > t2 > u1 > u2 > u3 > t3 > t4 > u4 > u5 > u6 > 0
20. t1 > t2 > u1 > u2 > u3 > t3 > u4 > t4 > u5 > u6 > 0
21. t1 > t2 > u1 > u2 > u3 > t3 > u4 > u5 > t4 > u6 > 0
22. t1 > t2 > u1 > u2 > u3 > t3 > u4 > u5 > u6 > t4 > 0
***
23. t1 > t2 > u1 > u2 > u3 > u4 > t3 > t4 > u5 > u6 > 0
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24. t1 > t2 > u1 > u2 > u3 > u4 > t3 > u5 > t4 > u6 > 0
25. t1 > t2 > u1 > u2 > u3 > u4 > t3 > u5 > u6 > t4 > 0
***
26. t1 > t2 > u1 > u2 > u3 > u4 > u5 > t3 > t4 > u6 > 0
27. t1 > t2 > u1 > u2 > u3 > u4 > u5 > t3 > u6 > t4 > 0
***
28. t1 > t2 > u1 > u2 > u3 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
29. t1 > u1 > t2 > t3 > t4 > u2 > u3 > u4 > u5 > u6 > 0
30. t1 > u1 > t2 > t3 > u2 > t4 > u3 > u4 > u5 > u6 > 0
31. t1 > u1 > t2 > t3 > u2 > u3 > t4 > u4 > u5 > u6 > 0
32. t1 > u1 > t2 > t3 > u2 > u3 > u4 > t4 > u5 > u6 > 0
33. t1 > u1 > t2 > t3 > u2 > u3 > u4 > u5 > t4 > u6 > 0
34. t1 > u1 > t2 > t3 > u2 > u3 > u4 > u5 > u6 > t4 > 0
***
35. t1 > u1 > t2 > u2 > t3 > t4 > u3 > u4 > u5 > u6 > 0
36. t1 > u1 > t2 > u2 > t3 > u3 > t4 > u4 > u5 > u6 > 0
37. t1 > u1 > t2 > u2 > t3 > u3 > u4 > t4 > u5 > u6 > 0
38. t1 > u1 > t2 > u2 > t3 > u3 > u4 > u5 > t4 > u6 > 0
39. t1 > u1 > t2 > u2 > t3 > u3 > u4 > u5 > u6 > t4 > 0
***
40. t1 > u1 > t2 > u2 > u3 > t3 > t4 > u4 > u5 > u6 > 0
41. t1 > u1 > t2 > u2 > u3 > t3 > u4 > t4 > u5 > u6 > 0
42. t1 > u1 > t2 > u2 > u3 > t3 > u4 > u5 > t4 > u6 > 0
33
43. t1 > u1 > t2 > u2 > u3 > t3 > u4 > u5 > u6 > t4 > 0
***
44. t1 > u1 > t2 > u2 > u3 > u4 > t3 > t4 > u5 > u6 > 0
45. t1 > u1 > t2 > u2 > u3 > u4 > t3 > u5 > t4 > u6 > 0
46. t1 > u1 > t2 > u2 > u3 > u4 > t3 > u5 > u6 > t4 > 0
***
47. t1 > u1 > t2 > u2 > u3 > u4 > u5 > t3 > t4 > u6 > 0
48. t1 > u1 > t2 > u2 > u3 > u4 > u5 > t3 > u6 > t4 > 0
***
49. t1 > u1 > t2 > u2 > u3 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
50. t1 > u1 > u2 > t2 > t3 > t4 > u3 > u4 > u5 > u6 > 0
51. t1 > u1 > u2 > t2 > t3 > u3 > t4 > u4 > u5 > u6 > 0
52. t1 > u1 > u2 > t2 > t3 > u3 > u4 > t4 > u5 > u6 > 0
53. t1 > u1 > u2 > t2 > t3 > u3 > u4 > u5 > t4 > u6 > 0
54. t1 > u1 > u2 > t2 > t3 > u3 > u4 > u5 > u6 > t4 > 0
***
55. t1 > u1 > u2 > t2 > u3 > t3 > t4 > u4 > u5 > u6 > 0
56. t1 > u1 > u2 > t2 > u3 > t3 > u4 > t4 > u5 > u6 > 0
57. t1 > u1 > u2 > t2 > u3 > t3 > u4 > u5 > t4 > u6 > 0
58. t1 > u1 > u2 > t2 > u3 > t3 > u4 > u5 > u6 > t4 > 0
***
59. t1 > u1 > u2 > t2 > u3 > u4 > t3 > t4 > u5 > u6 > 0
60. t1 > u1 > u2 > t2 > u3 > u4 > t3 > u5 > t4 > u6 > 0
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61. t1 > u1 > u2 > t2 > u3 > u4 > t3 > u5 > u6 > t4 > 0
***
62. t1 > u1 > u2 > t2 > u3 > u4 > u5 > t3 > t4 > u6 > 0
63. t1 > u1 > u2 > t2 > u3 > u4 > u5 > t3 > u6 > t4 > 0
***
64. t1 > u1 > u2 > t2 > u3 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
65. t1 > u1 > u2 > u3 > t2 > t3 > t4 > u4 > u5 > u6 > 0
66. t1 > u1 > u2 > u3 > t2 > t3 > u4 > t4 > u5 > u6 > 0
67. t1 > u1 > u2 > u3 > t2 > t3 > u4 > u5 > t4 > u6 > 0
68. t1 > u1 > u2 > u3 > t2 > t3 > u4 > u5 > u6 > t4 > 0
***
69. t1 > u1 > u2 > u3 > t2 > u4 > t3 > t4 > u5 > u6 > 0
70. t1 > u1 > u2 > u3 > t2 > u4 > t3 > u5 > t4 > u6 > 0
71. t1 > u1 > u2 > u3 > t2 > u4 > t3 > u5 > u6 > t4 > 0
***
72. t1 > u1 > u2 > u3 > t2 > u4 > u5 > t3 > t4 > u6 > 0
73. t1 > u1 > u2 > u3 > t2 > u4 > u5 > t3 > u6 > t4 > 0
***
74. t1 > u1 > u2 > u3 > t2 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
75. t1 > u1 > u2 > u3 > u4 > t2 > t3 > t4 > u5 > u6 > 0
76. t1 > u1 > u2 > u3 > u4 > t2 > t3 > u5 > t4 > u6 > 0
77. t1 > u1 > u2 > u3 > u4 > t2 > t3 > u5 > u6 > t4 > 0
***
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78. t1 > u1 > u2 > u3 > u4 > t2 > u5 > t3 > t4 > u6 > 0
79. t1 > u1 > u2 > u3 > u4 > t2 > u5 > t3 > u6 > t4 > 0
***
80. t1 > u1 > u2 > u3 > u4 > t2 > u5 > u6 > t3 > t4 > 0
*** ***
81. t1 > u1 > u2 > u3 > u4 > u5 > t2 > t3 > t4 > u6 > 0
82. t1 > u1 > u2 > u3 > u4 > u5 > t2 > t3 > u6 > t4 > 0
***
83. t1 > u1 > u2 > u3 > u4 > u5 > t2 > u6 > t3 > t4 > 0
*** ***
84. t1 > u1 > u2 > u3 > u4 > u5 > u6 > t2 > t3 > t4 > 0
*** *** ***
85. u1 > t1 > t2 > t3 > t4 > u2 > u3 > u4 > u5 > u6 > 0
86. u1 > t1 > t2 > t3 > u2 > t4 > u3 > u4 > u5 > u6 > 0
87. u1 > t1 > t2 > t3 > u2 > u3 > t4 > u4 > u5 > u6 > 0
88. u1 > t1 > t2 > t3 > u2 > u3 > u4 > t4 > u5 > u6 > 0
89. u1 > t1 > t2 > t3 > u2 > u3 > u4 > u5 > t4 > u6 > 0
90. u1 > t1 > t2 > t3 > u2 > u3 > u4 > u5 > u6 > t4 > 0
***
91. u1 > t1 > t2 > u2 > t3 > t4 > u3 > u4 > u5 > u6 > 0
92. u1 > t1 > t2 > u2 > t3 > u3 > t4 > u4 > u5 > u6 > 0
93. u1 > t1 > t2 > u2 > t3 > u3 > u4 > t4 > u5 > u6 > 0
94. u1 > t1 > t2 > u2 > t3 > u3 > u4 > u5 > t4 > u6 > 0
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95. u1 > t1 > t2 > u2 > t3 > u3 > u4 > u5 > u6 > t4 > 0
***
96. u1 > t1 > t2 > u2 > u3 > t3 > t4 > u4 > u5 > u6 > 0
97. u1 > t1 > t2 > u2 > u3 > t3 > u4 > t4 > u5 > u6 > 0
98. u1 > t1 > t2 > u2 > u3 > t3 > u4 > u5 > t4 > u6 > 0
99. u1 > t1 > t2 > u2 > u3 > t3 > u4 > u5 > u6 > t4 > 0
***
100. u1 > t1 > t2 > u2 > u3 > u4 > t3 > t4 > u5 > u6 > 0
101. u1 > t1 > t2 > u2 > u3 > u4 > t3 > u5 > t4 > u6 > 0
102. u1 > t1 > t2 > u2 > u3 > u4 > t3 > u5 > u6 > t4 > 0
***
103. u1 > t1 > t2 > u2 > u3 > u4 > u5 > t3 > t4 > u6 > 0
104. u1 > t1 > t2 > u2 > u3 > u4 > u5 > t3 > u6 > t4 > 0
***
105. u1 > t1 > t2 > u2 > u3 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
106. u1 > t1 > u2 > t2 > t3 > t4 > u3 > u4 > u5 > u6 > 0
107. u1 > t1 > u2 > t2 > t3 > u3 > t4 > u4 > u5 > u6 > 0
108. u1 > t1 > u2 > t2 > t3 > u3 > u4 > t4 > u5 > u6 > 0
109. u1 > t1 > u2 > t2 > t3 > u3 > u4 > u5 > t4 > u6 > 0
110. u1 > t1 > u2 > t2 > t3 > u3 > u4 > u5 > u6 > t4 > 0
***
111. u1 > t1 > u2 > t2 > u3 > t3 > t4 > u4 > u5 > u6 > 0
112. u1 > t1 > u2 > t2 > u3 > t3 > u4 > t4 > u5 > u6 > 0
37
113. u1 > t1 > u2 > t2 > u3 > t3 > u4 > u5 > t4 > u6 > 0
114. u1 > t1 > u2 > t2 > u3 > t3 > u4 > u5 > u6 > t4 > 0
***
115. u1 > t1 > u2 > t2 > u3 > u4 > t3 > t4 > u5 > u6 > 0
116. u1 > t1 > u2 > t2 > u3 > u4 > t3 > u5 > t4 > u6 > 0
117. u1 > t1 > u2 > t2 > u3 > u4 > t3 > u5 > u6 > t4 > 0
***
118. u1 > t1 > u2 > t2 > u3 > u4 > u5 > t3 > t4 > u6 > 0
119. u1 > t1 > u2 > t2 > u3 > u4 > u5 > t3 > u6 > t4 > 0
***
120. u1 > t1 > u2 > t2 > u3 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
121. u1 > t1 > u2 > u3 > t2 > t3 > t4 > u4 > u5 > u6 > 0
122. u1 > t1 > u2 > u3 > t2 > t3 > u4 > t4 > u5 > u6 > 0
123. u1 > t1 > u2 > u3 > t2 > t3 > u4 > u5 > t4 > u6 > 0
124. u1 > t1 > u2 > u3 > t2 > t3 > u4 > u5 > u6 > t4 > 0
***
125. u1 > t1 > u2 > u3 > t2 > u4 > t3 > t4 > u5 > u6 > 0
126. u1 > t1 > u2 > u3 > t2 > u4 > t3 > u5 > t4 > u6 > 0
127. u1 > t1 > u2 > u3 > t2 > u4 > t3 > u5 > u6 > t4 > 0
***
128. u1 > t1 > u2 > u3 > t2 > u4 > u5 > t3 > t4 > u6 > 0
129. u1 > t1 > u2 > u3 > t2 > u4 > u5 > t3 > u6 > t4 > 0
***
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130. u1 > t1 > u2 > u3 > t2 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
131. u1 > t1 > u2 > u3 > u4 > t2 > t3 > t4 > u5 > u6 > 0
132. u1 > t1 > u2 > u3 > u4 > t2 > t3 > u5 > t4 > u6 > 0
133. u1 > t1 > u2 > u3 > u4 > t2 > t3 > u5 > u6 > t4 > 0
***
134. u1 > t1 > u2 > u3 > u4 > t2 > u5 > t3 > t4 > u6 > 0
135. u1 > t1 > u2 > u3 > u4 > t2 > u5 > t3 > u6 > t4 > 0
***
136. u1 > t1 > u2 > u3 > u4 > t2 > u5 > u6 > t3 > t4 > 0
*** ***
137. u1 > t1 > u2 > u3 > u4 > u5 > t2 > t3 > t4 > u6 > 0
138. u1 > t1 > u2 > u3 > u4 > u5 > t2 > t3 > u6 > t4 > 0
***
139. u1 > t1 > u2 > u3 > u4 > u5 > t2 > u6 > t3 > t4 > 0
*** ***
140. u1 > t1 > u2 > u3 > u4 > u5 > u6 > t2 > t3 > t4 > 0
*** *** ***
141. u1 > u2 > t1 > t2 > t3 > t4 > u3 > u4 > u5 > u6 > 0
142. u1 > u2 > t1 > t2 > t3 > u3 > t4 > u4 > u5 > u6 > 0
143. u1 > u2 > t1 > t2 > t3 > u3 > u4 > t4 > u5 > u6 > 0
144. u1 > u2 > t1 > t2 > t3 > u3 > u4 > u5 > t4 > u6 > 0
145. u1 > u2 > t1 > t2 > t3 > u3 > u4 > u5 > u6 > t4 > 0
***
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146. u1 > u2 > t1 > t2 > u3 > t3 > t4 > u4 > u5 > u6 > 0
147. u1 > u2 > t1 > t2 > u3 > t3 > u4 > t4 > u5 > u6 > 0
148. u1 > u2 > t1 > t2 > u3 > t3 > u4 > u5 > t4 > u6 > 0
149. u1 > u2 > t1 > t2 > u3 > t3 > u4 > u5 > u6 > t4 > 0
***
150. u1 > u2 > t1 > t2 > u3 > u4 > t3 > t4 > u5 > u6 > 0
151. u1 > u2 > t1 > t2 > u3 > u4 > t3 > u5 > t4 > u6 > 0
152. u1 > u2 > t1 > t2 > u3 > u4 > t3 > u5 > u6 > t4 > 0
***
153. u1 > u2 > t1 > t2 > u3 > u4 > u5 > t3 > t4 > u6 > 0
154. u1 > u2 > t1 > t2 > u3 > u4 > u5 > t3 > u6 > t4 > 0
***
155. u1 > u2 > t1 > t2 > u3 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
156. u1 > u2 > t1 > u3 > t2 > t3 > t4 > u4 > u5 > u6 > 0
157. u1 > u2 > t1 > u3 > t2 > t3 > u4 > t4 > u5 > u6 > 0
158. u1 > u2 > t1 > u3 > t2 > t3 > u4 > u5 > t4 > u6 > 0
159. u1 > u2 > t1 > u3 > t2 > t3 > u4 > u5 > u6 > t4 > 0
***
160. u1 > u2 > t1 > u3 > t2 > u4 > t3 > t4 > u5 > u6 > 0
161. u1 > u2 > t1 > u3 > t2 > u4 > t3 > u5 > t4 > u6 > 0
162. u1 > u2 > t1 > u3 > t2 > u4 > t3 > u5 > u6 > t4 > 0
***
163. u1 > u2 > t1 > u3 > t2 > u4 > u5 > t3 > t4 > u6 > 0
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164. u1 > u2 > t1 > u3 > t2 > u4 > u5 > t3 > u6 > t4 > 0
***
165. u1 > u2 > t1 > u3 > t2 > u4 > u5 > t3 > t4 > u6 > 0
*** ***
166. u1 > u2 > t1 > u3 > u4 > t2 > t3 > t4 > u5 > u6 > 0
167. u1 > u2 > t1 > u3 > u4 > t2 > t3 > u5 > t4 > u6 > 0
168. u1 > u2 > t1 > u3 > u4 > t2 > t3 > u5 > u6 > t4 > 0
***
169. u1 > u2 > t1 > u3 > u4 > t2 > u5 > t3 > t4 > u6 > 0
170. u1 > u2 > t1 > u3 > u4 > t2 > u5 > t3 > u6 > t4 > 0
***
171. u1 > u2 > t1 > u3 > u4 > t2 > u5 > u6 > t3 > t4 > 0
*** ***
172. u1 > u2 > t1 > u3 > u4 > u5 > t2 > t3 > t4 > u6 > 0
173. u1 > u2 > t1 > u3 > u4 > u5 > t2 > t3 > u6 > t4 > 0
***
174. u1 > u2 > t1 > u3 > u4 > u5 > t2 > u6 > t3 > t4 > 0
*** ***
175. u1 > u2 > t1 > u3 > u4 > u5 > u6 > t2 > t3 > t4 > 0
*** *** ***
176. u1 > u2 > u3 > t1 > t2 > t3 > t4 > u4 > u5 > u6 > 0
177. u1 > u2 > u3 > t1 > t2 > t3 > u4 > t4 > u5 > u6 > 0
178. u1 > u2 > u3 > t1 > t2 > t3 > u4 > u5 > t4 > u6 > 0
179. u1 > u2 > u3 > t1 > t2 > t3 > u4 > u5 > u6 > t4 > 0
***
41
180. u1 > u2 > u3 > t1 > t2 > u4 > t3 > t4 > u5 > u6 > 0
181. u1 > u2 > u3 > t1 > t2 > u4 > t3 > u5 > t4 > u6 > 0
182. u1 > u2 > u3 > t1 > t2 > u4 > t3 > u5 > u6 > t4 > 0
***
183. u1 > u2 > u3 > t1 > t2 > u4 > u5 > t3 > t4 > u6 > 0
184. u1 > u2 > u3 > t1 > t2 > u4 > u5 > t3 > u6 > t4 > 0
***
185. u1 > u2 > u3 > t1 > t2 > u4 > u5 > u6 > t3 > t4 > 0
*** ***
186. u1 > u2 > u3 > t1 > u4 > t2 > t3 > t4 > u5 > u6 > 0
187. u1 > u2 > u3 > t1 > u4 > t2 > t3 > u5 > t4 > u6 > 0
188. u1 > u2 > u3 > t1 > u4 > t2 > t3 > u5 > u6 > t4 > 0
***
189. u1 > u2 > u3 > t1 > u4 > t2 > u5 > t3 > t4 > u6 > 0
190. u1 > u2 > u3 > t1 > u4 > t2 > u5 > t3 > u6 > t4 > 0
***
191. u1 > u2 > u3 > t1 > u4 > t2 > u5 > u6 > t3 > t4 > 0
*** ***
192. u1 > u2 > u3 > t1 > u4 > u5 > t2 > t3 > t4 > u6 > 0
193. u1 > u2 > u3 > t1 > u4 > u5 > t2 > t3 > u6 > t4 > 0
***
194. u1 > u2 > u3 > t1 > u4 > u5 > t2 > u6 > t3 > t4 > 0
*** ***
195. u1 > u2 > u3 > t1 > u4 > u5 > u6 > t2 > t3 > t4 > 0
*** *** ***
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196. u1 > u2 > u3 > u4 > t1 > t2 > t3 > t4 > u5 > u6 > 0
197. u1 > u2 > u3 > u4 > t1 > t2 > t3 > u5 > t4 > u6 > 0
198. u1 > u2 > u3 > u4 > t1 > t2 > t3 > u5 > u6 > t4 > 0
***
199. u1 > u2 > u3 > u4 > t1 > t2 > u5 > t3 > t4 > u6 > 0
200. u1 > u2 > u3 > u4 > t1 > t2 > u5 > t3 > u6 > t4 > 0
***
201. u1 > u2 > u3 > u4 > t1 > t2 > u5 > u6 > t3 > t4 > 0
*** ***
202. u1 > u2 > u3 > u4 > t1 > u5 > t2 > t3 > t4 > u6 > 0
203. u1 > u2 > u3 > u4 > t1 > u5 > t2 > t3 > u6 > t4 > 0
***
204. u1 > u2 > u3 > u4 > t1 > u5 > t2 > u6 > t3 > t4 > 0
*** ***
205. u1 > u2 > u3 > u4 > t1 > u5 > u6 > t2 > t3 > t4 > 0
*** *** ***
206. u1 > u2 > u3 > u4 > u5 > t1 > t2 > t3 > t4 > u6 > 0
207. u1 > u2 > u3 > u4 > u5 > t1 > t2 > t3 > u6 > t4 > 0
***
208. u1 > u2 > u3 > u4 > u5 > t1 > t2 > u6 > t3 > t4 > 0
*** ***
209. u1 > u2 > u3 > u4 > u5 > t1 > u6 > t2 > t3 > t4 > 0
*** *** ***
210. u1 > u2 > u3 > u4 > u5 > u6 > t1 > t2 > t3 > t4 > 0
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3.3 Shuffle product ζ(1)(2, 2)ζ(1)(3, 3)
Let DT10 be the Cartesian product of the standard one dimensional measure
on the real line:
DT10 = dt1dt2dt3dt4du1du2du3du4du5du6.
Let ∆ be the domain of integration obtained by a Cartesian product of a
4-dimensional simplex with a 6-dimensional simplex:
∆ = {(t1, . . . , t4, u1, . . . , u6) ∈ R
10 | t1 > t2 > t3 > t4 > 0; u1 > u2 > u3 > u4 > u5 > u6 > 0}.
ζ (1)(2, 2)ζ (1)(3, 3) =
=
∑
α1∈cone
1
(α1)2(α1 + α2)2
∑
β1∈cone
1
(β1)3(β1 + β2)3
=
∑∫
∆
exp(−α1t1 − α2t3 − β1u1 − β2u4)DT10
= ζ (1)(2, 2; 3, 3) + 3ζ (1)(2, 1; 4, 3) + 3ζ (1)(2, 1; 3, 4)
+3ζ (23)(2, 1; 4, 3) + 3ζ (23)(2, 1; 3, 4)
+2ζ (23)(2, 2; 3, 3) + 3ζ (23)(2, 2; 2, 4) + ζ (23)(2, 3; 2, 3)
+3ζ (23)(2, 3; 1, 4) + 3ζ (234)(2, 3; 1, 4)
+2ζ (234)(2, 3; 2, 3) + ζ (234)(2, 3; 3, 2) + 3ζ (23)(1, 2; 4, 3)
+3ζ (23)(1, 2; 3, 4) + 4ζ (23)(1, 3; 3, 3)
+6ζ (23)(1, 3; 2, 4) + 3ζ (23)(1, 4; 2, 3) + 9ζ (23)(1, 4; 1, 4)
+9ζ (234)(1, 4; 1, 4) + 6ζ (234)(1, 4; 2, 3)
+3ζ (234)(1, 4; 3, 2) + 3ζ (234)(1, 3; 2, 4) + 4ζ (234)(1, 3; 3, 3)
+3ζ (234)(1, 3; 4, 2) + 3ζ (132)(1, 2; 4, 3)
+3ζ (132)(1, 2; 3, 4) + 4ζ (132)(1, 3; 3, 3) + 6ζ (132)(1, 3; 2, 4)
+3ζ (132)(1, 4; 2, 3) + 9ζ (132)(1, 4; 1, 4)
+9ζ (1342)(1, 4; 1, 4) + 6ζ (1342)(1, 4; 2, 3) + 3ζ (1342)(1, 4; 3, 2)
+3ζ (1342)(1, 3; 2, 4) + 5ζ (1342)(1, 3; 3, 3)
+2ζ (1342)(1, 3; 4, 2) + 2ζ (132)(2, 2; 3, 3) + 3ζ (132)(2, 2; 2, 4)
+2ζ (132)(2, 3; 2, 3) + 6ζ (132)(2, 3; 1, 4)
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+6ζ (1342)(2, 3; 1, 4) + 4ζ (1342)(2, 3; 2, 3) + 2ζ (1342)(2, 3; 3, 2)
+3ζ (1342)(2, 2; 2, 4) + 4ζ (1342)(2, 2; 3, 3)
+3ζ (1342)(3, 2; 2, 3) + 3ζ (132)(3, 2; 1, 4) + 3ζ (1342)(3, 2; 1, 4)
+ζ (1342)(3, 2; 3, 2) + 3ζ (1342)(3, 1; 2, 4)
+4ζ (1342)(3, 1; 3, 3) + 3ζ (1342)(3, 1; 4, 2) + 3ζ (13)(24)(3, 1; 2, 4)
+4ζ (13)(24)(3, 1; 3, 3) + 3ζ (13)(24)(3, 1; 4, 2)
+2ζ (13)(24)(3, 2; 3, 2) + ζ (13)(24)(3, 3; 2, 2)
= ζ1(2, 2; 3, 3) + 3ζ1(2, 1; 4, 3) + 3ζ1(2, 1; 3, 4)
+ 3ζ1(3, 1; 2, 4) + 4ζ1(3, 1; 3, 3) + 3ζ1(3, 1; 4, 2)
+ 2ζ1(3, 2; 2, 3) + 2ζ1(3, 2; 3, 2) + ζ1(3, 3; 2, 2)
+ 3ζ (23)(2, 1; 4, 3) + 3ζ (23)(2, 1; 3, 4) + 8ζ (23)(2, 2; 3, 3)
+ 9ζ (23)(2, 2; 2, 4) + 9ζ (23)(2, 3; 2, 3) + 18ζ (23)(2, 3; 1, 4)
+ 3ζ (23)(2, 3; 3, 2) + 3ζ (23)(2, 2; 4, 2) + 6ζ (23)(1, 2; 4, 3)
+ 6ζ (23)(1, 2; 3, 4) + 8ζ (23)(1, 3; 3, 3) + 18ζ (23)(1, 3; 2, 4)
+ 18ζ (23)(1, 4; 2, 3) + 36ζ (23)(1, 4; 1, 4) + 6ζ (23)(1, 4; 3, 2)
+ 9ζ (23)(1, 3; 3, 3) + 5ζ (23)(1, 3; 4, 2) + 3ζ (23)(3, 2; 2, 3)
+ 6ζ (23)(3, 2; 1, 4) + ζ (23)(3, 2; 3, 2) + 3ζ (23)(3, 1; 2, 4)
+ 4ζ (23)(3, 1; 3, 3) + 3ζ (23)(3, 1; 4, 2).
3.4 Shuffle product ζ(1)(2, 2)ζ(1)(2, 4)
ζ (1)(2, 2)ζ (1)(2, 4) =
=
∑
α1∈cone
1
(α1)2(α1 + α2)2
∑
β1∈cone
1
(β1)2(β1 + β2)4
=
∑∫
∆
exp(−α1t1 − α2t3 − β1u1 − β2u3)DT10
= ζ (1)(2, 2; 2, 4) + 2ζ (1)(2, 1; 3, 4) + 4ζ (1)(2, 1; 2, 5)
+2ζ (23)(2, 1; 3, 4) + 4ζ (23)(2, 1; 2, 5) + ζ (23)(2, 2; 2, 4)
+4ζ (23)(2, 2; 1, 5) + 4ζ (234)(2, 2; 1, 5) + 3ζ (234)(2, 2; 2, 4)
+2ζ (234)(2, 2; 3, 3) + ζ (234)(2, 2; 4, 2) + 2ζ (23)(1, 2; 3, 4)
+4ζ (23)(1, 2; 2, 5) + 2ζ (23)(1, 3; 2, 4) + 8ζ (23)(1, 3; 1, 5)
+8ζ (234)(1, 3; 1, 5) + 6ζ (234)(1, 3; 2, 4) + 4ζ (234)(1, 3; 3, 3)
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+2ζ (234)(1, 3; 4, 2) + 4ζ (234)(1, 2; 2, 5) + 6ζ (234)(1, 2; 3, 4)
+6ζ (234)(1, 2; 4, 3) + 4ζ (234)(1, 2; 5, 2) + 2ζ (132)(1, 2; 3, 4)
+4ζ (132)(1, 2; 2, 5) + 2ζ (132)(1, 3; 2, 4) + 8ζ (132)(1, 3; 1, 5)
+8ζ (1342)(1, 3; 1, 5) + 6ζ (1342)(1, 3; 2, 4) + 4ζ (1342)(1, 3; 3, 3)
+2ζ (1342)(1, 3; 4, 2) + 4ζ (1342)(1, 2; 2, 5) + 6ζ (1342)(1, 2; 3, 4)
+6ζ (1342)(1, 2; 4, 3) + 4ζ (1342)(1, 2; 5, 2) + ζ (132)(2, 2; 2, 4)
+4ζ (132)(2, 2; 1, 5) + 4ζ (1342)(2, 2; 1, 5) + 3ζ (1342)(2, 2; 2, 4)
+2ζ (1342)(2, 2; 3, 3) + ζ (1342)(2, 2; 4, 2) + 4ζ (1342)(2, 1; 2, 5)
+6ζ (1342)(2, 1; 3, 4) + 6ζ (1342)(2, 1; 4, 3) + 4ζ (1342)(2, 1; 5, 2)
+4ζ (13)(24)(2, 1; 2, 5) + 6ζ (13)(24)(2, 1; 3, 4) + 6ζ (13)(24)(2, 1; 4, 3)
+4ζ (13)(24)(2, 1; 5, 2) + 3ζ (13)(24)(2, 2; 2, 4) + 4ζ (13)(24)(2, 2; 3, 3)
+3ζ (13)(24)(2, 2; 4, 2) + 2ζ (13)(24)(2, 3; 2, 3) + 2ζ (13)(24)(2, 3; 3, 2)
+ζ (13)(24)(2, 4; 2, 2)
= 4ζ1(2, 2; 2, 4) + 8ζ1(2, 1; 3, 4) + 8ζ1(2, 1; 2, 5)
+ 6ζ1(2, 1; 4, 3) + 4ζ1(2, 1; 5, 2) + 4ζ1(2, 2; 3, 3)
+ 3ζ1(2, 2; 4, 2) + 2ζ1(2, 3; 2, 3) + 2ζ1(2, 3; 3, 2)
+ ζ1(2, 4; 2, 2) + 8ζ (23)(2, 1; 3, 4) + 8ζ (23)(2, 1; 2, 5)
+ 8ζ (23)(2, 2; 2, 4) + 16ζ (23)(2, 2; 1, 5) + 4ζ (23)(2, 2; 3, 3)
+ 2ζ (23)(2, 2; 4, 2) + 16ζ (23)(1, 2; 3, 4) + 16ζ (23)(1, 2; 2, 5)
+ 16ζ (23)(1, 3; 2, 4) + 32ζ (23)(1, 3; 1, 5)
+ 8ζ (23)(1, 3; 3, 3) + 4ζ (23)(1, 3; 4, 2) + 12ζ (23)(1, 2; 4, 3)
+ 8ζ (23)(1, 2; 5, 2) + 6ζ (23)(2, 1; 4, 3) + 4ζ (23)(2, 1; 5, 2).
3.5 Shuffle product ζ(1)(2, 2)ζ(1)(1, 5)
ζ (1)(2, 2)ζ (1)(1, 5) =
=
∑
α1∈cone
1
(α1)2(α1 + α2)2
∑
β1∈cone
1
β1(β1 + β2)4
=
∑∫
∆
exp(−α1t1 − α2t3 − β1u1 − β2u2)DT10
= ζ (1)(2, 2; 1, 5) + ζ (1)(2, 1; 2, 5) + 5ζ (1)(2, 1; 1, 6)
+ζ (23)(2, 1; 2, 5) + 5ζ (23)(2, 1; 1, 6) + 5ζ (234)(2, 1; 1, 6)
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+4ζ (234)(2, 1; 2, 5) + 3ζ (234)(2, 1; 3, 4) + 2ζ (234)(2, 1; 4, 3)
+ζ (234)(2, 1; 5, 2) + ζ (23)(1, 2; 2, 5) + 5ζ (23)(1, 2; 1, 6)
+5ζ (234)(1, 2; 1, 6) + 4ζ (234)(1, 2; 2, 5) + 3ζ (234)(1, 2; 3, 4)
+2ζ (234)(1, 2; 4, 3) + ζ (234)(1, 2; 5, 2) + 5ζ (234)(1, 1; 2, 6)
+8ζ (234)(1, 1; 3, 5) + 9ζ (234)(1, 1; 4, 4) + 8ζ (234)(1, 1; 5, 3)
+5ζ (234)(1, 1; 6, 2) + ζ (132)(1, 2; 2, 5) + 5ζ (132)(1, 2; 1, 6)
+5ζ (1342)(1, 2; 1, 6) + 4ζ (1342)(1, 2; 2, 5) + 3ζ (1342)(1, 2; 3, 4)
+2ζ (1342)(1, 2; 4, 3) + ζ (1342)(1, 2; 5, 2) + 5ζ (1342)(1, 1; 2, 6)
+8ζ (1342)(1, 1; 3, 5) + 9ζ (1342)(1, 1; 4, 4) + 8ζ (1342)(1, 1; 5, 3)
+5ζ (1342)(1, 1; 6, 2) + 5ζ (13)(24)(1, 1; 2, 6) + 8ζ (13)(24)(1, 1; 3, 5)
+9ζ (13)(24)(1, 1; 4, 4) + 8ζ (13)(24)(1, 1; 5, 3) + 5ζ (13)(24)(1, 1; 6, 2)
+4ζ (13)(24)(1, 2; 2, 5) + 6ζ (13)(24)(1, 2; 3, 4) + 6ζ (13)(24)(1, 2; 4, 3)
+4ζ (13)(24)(1, 2; 5, 2) + 3ζ (13)(24)(1, 3; 2, 4) + 4ζ (13)(24)(1, 3; 3, 3)
+3ζ (13)(24)(1, 3; 4, 2) + 2ζ (13)(24)(1, 4; 2, 3) + 2ζ (13)(24)(1, 4; 3, 2)
+ζ (13)(24)(1, 5; 2, 2)
= ζ1(2, 2; 1, 5) + ζ1(2, 1; 2, 5) + 5ζ1(2, 1; 1, 6)
+ 5ζ1(1, 1; 2, 6) + 8ζ1(1, 1; 3, 5) + 9ζ1(1, 1; 4, 4)
+ 8ζ1(1, 1; 5, 3) + 5ζ1(1, 1; 6, 2) + 4ζ1(1, 2; 2, 5)
+ 6ζ1(1, 2; 3, 4) + 6ζ1(1, 2; 4, 3) + 4ζ1(1, 2; 5, 2)
+ 3ζ1(1, 3; 2, 4) + 4ζ1(1, 3; 3, 3) + 3ζ1(1, 3; 4, 2)
+ 2ζ1(1, 4; 2, 3) + 2ζ1(1, 4; 3, 2) + ζ1(1, 5; 2, 2)
+ 5ζ (23)(2, 1; 2, 5) + 10ζ (23)(2, 1; 1, 6) + 3ζ (23)(1, 3; 4, 2)
+ 2ζ (23)(2, 1; 4, 3) + ζ (23)(2, 1; 5, 2) + 10ζ (23)(1, 2; 2, 5)
+ 20ζ (23)(1, 2; 1, 6) + 6ζ (23)(1, 2; 3, 4) + 4ζ (23)(1, 2; 4, 3)
+ 2ζ (23)(1, 2; 5, 2) + 10ζ (23)(1, 1; 2, 6) + 16ζ (23)(1, 1; 3, 5)
+ 18ζ (23)(1, 1; 4, 4) + 16ζ (23)(1, 1; 5, 3) + 10ζ (23)(1, 1; 6, 2).
3.6 Shuffle product ζ(1)(1, 3)ζ(1)(3, 3)
ζ (1)(1, 3)ζ (1)(3, 3) =
=
∑
α1∈cone
1
α1(α1 + α2)3
∑
β1∈cone
1
(β1)3(β1 + β2)3
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=
∑∫
∆
exp(−α1t1 − α2t2 − β1u1 − β2u4)DT10
= ζ (1)(1, 3; 3, 3) + 3ζ (1)(1, 2; 4, 3) + 3ζ (1)(1, 2; 3, 4)
+6ζ (1)(1, 1; 5, 3) + 9ζ (1)(1, 1; 4, 4) + 6ζ (1)(1, 1; 3, 5)
+6ζ (23)(1, 1; 5, 3) + 9ζ (23)(1, 1; 4, 4) + 6ζ (23)(1, 1; 3, 5)
+3ζ (23)(1, 2; 4, 3) + 6ζ (23)(1, 2; 3, 4) + 6ζ (23)(1, 2; 2, 5)
+ζ (23)(1, 3; 3, 3) + 3ζ (23)(1, 3; 2, 4) + 6ζ (23)(1, 3; 1, 5)
+6ζ (234)(1, 3; 1, 5) + ζ (234)(1, 3; 3, 3) + 6ζ (132)(1, 1; 5, 3)
+9ζ (132)(1, 1; 4, 4) + 6ζ (132)(1, 1; 3, 5) + 3ζ (132)(1, 2; 4, 3)
+6ζ (132)(1, 2; 3, 4) + 6ζ (132)(1, 2; 2, 5) + ζ (132)(1, 3; 3, 3)
+3ζ (132)(1, 3; 2, 4) + 6ζ (132)(1, 3; 1, 5) + 6ζ (1342)(1, 3; 1, 5)
+3ζ (1342)(1, 3; 2, 4) + ζ (1342)(1, 3; 3, 3) + 3ζ (132)(2, 1; 4, 3)
+6ζ (132)(2, 1; 3, 4) + 6ζ (132)(2, 1; 2, 5) + ζ (132)(2, 2; 3, 3)
+3ζ (132)(2, 2; 2, 4) + 6ζ (132)(2, 2; 1, 5) + 6ζ (1342)(2, 2; 1, 5)
+3ζ (1342)(2, 2; 2, 4) + ζ (1342)(2, 2; 3, 3) + ζ (1342)(3, 1; 3, 3)
+3ζ (132)(3, 1; 2, 4) + 6ζ (132)(3, 1; 1, 5) + 6ζ (1342)(3, 1; 1, 5)
+3ζ (1342)(3, 1; 2, 4) + ζ (1342)(3, 1; 3, 3) + 6ζ (13)(24)(3, 1; 1, 5)
+3ζ (13)(24)(3, 1; 2, 4) + ζ (13)(24)(3, 1; 3, 3) + 3ζ (13)(24)(3, 2; 1, 4)
+ζ (13)(24)(3, 2; 2, 3) + ζ (13)(24)(3, 3; 1, 3)
= ζ1(1, 3; 3, 3) + 3ζ1(1, 2; 4, 3) + 3ζ1(1, 2; 3, 4)
+ 6ζ1(1, 1; 5, 3) + 9ζ1(1, 1; 4, 4) + 6ζ1(1, 1; 3, 5)
+ 6ζ1(3, 1; 1, 5) + 3ζ1(3, 1; 2, 4) + ζ1(3, 1; 3, 3)
+ 3ζ1(3, 2; 1, 4) + ζ1(3, 2; 2, 3) + ζ1(3, 3; 1, 3)
+ 12ζ (23)(1, 1; 5, 3) + 18ζ (23)(1, 1; 4, 4) + 12ζ (23)(1, 1; 3, 5)
+ 6ζ (23)(1, 2; 4, 3) + 12ζ (23)(1, 2; 3, 4) + 12ζ (23)(1, 2; 2, 5)
+ 4ζ (23)(1, 3; 3, 3) + 12ζ (23)(1, 3; 2, 4) + 24ζ (23)(1, 3; 1, 5)
+ 3ζ (23)(2, 1; 4, 3) + 6ζ (23)(2, 1; 3, 4) + 6ζ (23)(2, 1; 2, 5) + 2ζ (23)(2, 2; 3, 3)
+ 6ζ (23)(2, 2; 2, 4) + 12ζ (23)(2, 2; 1, 5) + 2ζ (23)(3, 1; 3, 3)
+ 6ζ (23)(3, 1; 2, 4) + 12ζ (23)(3, 1; 1, 5).
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3.7 Shuffle product ζ(1)(1, 3)ζ(1)(2, 4)
ζ (1)(1, 3)ζ (1)(2, 4) =
=
∑
α1∈cone
1
α1(α1 + α2)3
∑
β1∈cone
1
(β1)2(β1 + β2)4
=
∑∫
∆
exp(−α1t1 − α2t2 − β1u1 − β2u3)DT10
= ζ (1)(1, 3; 2, 4) + 2ζ (1)(1, 2; 3, 4) + 4ζ (1)(1, 2; 2, 5)
+3ζ (1)(1, 1; 4, 4) + 8ζ (1)(1, 1; 3, 5) + 10ζ (1)(1, 1; 2, 6)
+3ζ (23)(1, 1; 4, 4) + 8ζ (23)(1, 1; 3, 5) + 10ζ (23)(1, 1; 2, 6)
+ζ (23)(1, 2; 3, 4) + 4ζ (23)(1, 2; 2, 5) + 10ζ (23)(1, 2; 1, 6)
+10ζ (234)(1, 2; 1, 6) + 6ζ (234)(1, 2; 2, 5) + 3ζ (234)(1, 2; 3, 4)
+ζ (234)(1, 2; 4, 3) + 3ζ (132)(1, 1; 4, 4) + 8ζ (132)(1, 1; 3, 5)
+10ζ (132)(1, 1; 2, 6) + ζ (132)(1, 2; 3, 4) + 4ζ (132)(1, 2; 2, 5)
+10ζ (132)(1, 2; 1, 6) + 10ζ (1342)(1, 2; 1, 6) + 6ζ (1342)(1, 2; 2, 5)
+3ζ (1342)(1, 2; 3, 4) + ζ (1342)(1, 2; 4, 3) + ζ (132)(2, 1; 3, 4)
+4ζ (132)(2, 1; 2, 5) + 10ζ (132)(2, 1; 1, 6) + 10ζ (1342)(2, 1; 1, 6)
+6ζ (1342)(2, 1; 2, 5) + 3ζ (1342)(2, 1; 3, 4) + ζ (1342)(2, 1; 4, 3)
+10ζ (13)(24)(2, 1; 1, 6) + 6ζ (13)(24)(2, 1; 2, 5) + 3ζ (13)(24)(2, 1; 3, 4)
+ζ (13)(24)(2, 1; 4, 3) + 6ζ (13)(24)(2, 2; 1, 5) + 3ζ (13)(24)(2, 2; 2, 4)
+ζ (13)(24)(2, 2; 3, 3) + 3ζ (13)(24)(2, 3; 1, 4) + ζ (13)(24)(2, 3; 2, 3)
+ζ (13)(24)(2, 4; 1, 3)
= ζ1(1, 3; 2, 4) + 2ζ1(1, 2; 3, 4) + 4ζ1(1, 2; 2, 5)
+ 3ζ1(1, 1; 4, 4) + 8ζ1(1, 1; 3, 5) + 10ζ1(1, 1; 2, 6)
+ 10ζ1(2, 1; 1, 6) + 6ζ1(2, 1; 2, 5) + 3ζ1(2, 1; 3, 4)
+ ζ1(2, 1; 4, 3) + 6ζ1(2, 2; 1, 5) + 3ζ1(2, 2; 2, 4)
+ ζ1(2, 2; 3, 3) + 3ζ1(2, 3; 1, 4) + ζ1(2, 3; 2, 3)
+ ζ1(2, 4; 1, 3) + 6ζ (23)(1, 1; 4, 4) + 16ζ (23)(1, 1; 3, 5)
+ 20ζ (23)(1, 1; 2, 6) + 8ζ (23)(1, 2; 3, 4) + 20ζ (23)(1, 2; 2, 5)
+ 2ζ (23)(1, 2; 4, 3) + 4ζ (23)(2, 1; 3, 4) + 10ζ (23)(2, 1; 2, 5)
+ 20ζ (23)(2, 1; 1, 6) + ζ (23)(2, 1; 4, 3) + 40ζ (23)(1, 2; 1, 6).
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3.8 Shuffle product ζ(1)(1, 3)ζ(1)(1, 5)
ζ (1)(1, 3)ζ (1)(1, 5) =
=
∑
α1∈cone
1
α1(α1 + α2)3
∑
β1∈cone
1
β1(β1 + β2)5
=
∑∫
∆
exp(−α1t1 − α2t2 − β1u1 − β2u2)DT10
= ζ (1)(1, 3; 1, 5) + ζ (1)(1, 2; 2, 5) + 5ζ (1)(1, 2; 1, 6)
+ζ (1)(1, 1; 3, 5) + 5ζ (1)(1, 1; 2, 6) + 15ζ (1)(1, 1; 1, 7)
+ζ (23)(1, 1; 3, 5) + 5ζ23)(1, 1; 2, 6) + 15ζ (23)(1, 1; 1, 7)
+15ζ (234)(1, 1; 1, 7) + 10ζ (234)(1, 1; 2, 6) + 6ζ (234)(1, 1; 3, 5)
+3ζ (234)(1, 1; 4, 4) + ζ (234)(1, 1; 5, 3) + ζ (132)(1, 1; 3, 5)
+5ζ (132)(1, 1; 2, 6) + 15ζ (132)(1, 1; 1, 7) + 15ζ (1342)(1, 1; 1, 7)
+10ζ (1342)(1, 1; 2, 6) + 6ζ (1342)(1, 1; 3, 5) + 3ζ (1342)(1, 1; 4, 4)
+ζ (1342)(1, 1; 5, 3) + 15ζ (13)(24)(1, 1; 1, 7) + 10ζ (13)(24)(1, 1; 2, 6)
+6ζ (13)(24)(1, 1; 3, 5) + 3ζ (13)(24)(1, 1; 4, 4) + ζ (13)(24)(1, 1; 5, 3)
+10ζ (13)(24)(1, 2; 1, 6) + 6ζ (13)(24)(1, 2; 2, 5) + 3ζ (13)(24)(1, 2; 3, 4)
+ζ (13)(24)(1, 2; 4, 3) + 6ζ (13)(24)(1, 3; 1, 5) + 3ζ (13)(24)(1, 3; 2, 4)
+ζ (13)(24)(1, 3; 3, 3) + 3ζ (13)(24)(1, 4; 1, 4) + ζ (13)(24)(1, 4; 2, 3) + ζ (13)(24)(1, 5; 1, 3)
= 7ζ1(1, 3; 1, 5) + 7ζ1(1, 2; 2, 5) + 15ζ1(1, 2; 1, 6)
+ 7ζ1(1, 1; 3, 5) + 15ζ1(1, 1; 2, 6) + 30ζ1(1, 1; 1, 7)
+ 3ζ1(1, 1; 4, 4) + ζ1(1, 1; 5, 3) + 3ζ1(1, 2; 3, 4)
+ ζ1(1, 2; 4, 3) + 3ζ1(1, 3; 2, 4) + ζ1(1, 3; 3, 3)
+ 3ζ1(1, 4; 14) + ζ1(1, 4; 2, 3) + ζ1(1, 5; 1, 3)
+ 14ζ (23)(1, 1; 3, 5) + 30ζ (23)(1, 1; 2, 6) + 60ζ (23)(1, 1; 1, 7)
+ 6ζ (23)(1, 1; 4, 4) + 2ζ (23)(1, 1; 5, 3).
3.9 Formula for the shuffle product of ζK,C(2)ζK,C(3)
Using the self shuffles of ζK,C(2) and of ζK,C(3) together with the simplified
formulas for the previous six subsections, assuming Galois invariance of the
cone, we obtain the following Theorem.
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Theorem 3.1 The shuffle product of ζK,C(2) times ζK,C(3) in terms of re-
finements of MDZVs is given by
ζK,C(2)ζK,C(3) =
= 152ζ1(1, 3; 3, 3) + 216ζ1(1, 2; 4, 3) + 360ζ1(1, 2; 3, 4)
+288ζ1(1, 1; 5, 3) + 504ζ1(1, 1; 4, 4) + 768ζ1(1, 1; 3, 5)
+48ζ1(3, 1; 1, 5) + 36ζ1(3, 1; 2, 4) + 24ζ1(3, 1; 3, 3)
+24ζ1(3, 2; 1, 4) + 16ζ1(3, 2; 2, 3) + 8ζ1(3, 3; 1, 3)
+576ζ (23)(1, 1; 5, 3) + 1008ζ (23)(1, 1; 4, 4) + 1536ζ (23)(1, 1; 3, 5)
+360ζ (23)(1, 2; 4, 3) + 648ζ (23)(1, 2; 3, 4) + 1008ζ (23)(1, 2; 2, 5)
+196ζ (23)(1, 3; 3, 3) + 360ζ (23)(1, 3; 2, 4) + 576ζ (23)(1, 3; 1, 5)
+180ζ (23)(2, 1; 4, 3) + 252ζ (23)(2, 1; 3, 4) + 504ζ (23)(2, 1; 2, 5)
+96ζ (23)(2, 2; 3, 3) + 180ζ (23)(2, 2; 2, 4) + 288ζ (23)(2, 2; 1, 5)
+32ζ (23)(3, 1; 3, 3) + 60ζ (23)(3, 1; 2, 4) + 96ζ (23)(3, 1; 1, 5)
+240ζ1(1, 3; 2, 4) + 528ζ1(1, 2; 2, 5) + 1080ζ1(1, 1; 2, 6)
+360ζ1(2, 1; 1, 6) + 264ζ1(2, 1; 2, 5) + 180ζ1(2, 1; 3, 4)
+108ζ1(2, 1; 4, 3) + 168ζ1(2, 2; 1, 5) + 120ζ1(2, 2; 2, 4) + 76ζ1(2, 2; 3, 3)
+72ζ1(2, 3; 1, 4) + 48ζ1(2, 3; 2, 3) + 24ζ1(2, 4; 1, 3)
+2160ζ (23)(1, 1; 2, 6) + 720ζ (23)(2, 1; 1, 6) + 1440ζ (23)(1, 2; 1, 6)
+336ζ1(1, 3; 1, 5) + 720ζ1(1, 2; 1, 6) + 1440ζ1(1, 1; 1, 7)
+144ζ1(1, 4; 1, 4) + 96ζ1(1, 4; 2, 3) + 48ζ1(1, 5; 1, 3)
+2880ζ (23)(1, 1; 1, 7) + 12ζ1(3, 1; 4, 2) + 8ζ1(3, 2; 3, 2)
+4ζ1(3, 3; 2, 2) + 36ζ (23)(2, 3; 2, 3) + 72ζ (23)(2, 3; 1, 4)
+12ζ (23)(2, 3; 3, 2) + 36ζ (23)(2, 2; 4, 2) + 72ζ (23)(1, 4; 2, 3)
+144ζ (23)(1, 4; 1, 4) + 24ζ (23)(1, 4; 3, 2) + 140ζ (23)(1, 3; 4, 2)
+12ζ (23)(3, 2; 2, 3) + 24ζ (23)(3, 2; 1, 4) + 4ζ (23)(3, 2; 3, 2)
+12ζ (23)(3, 1; 4, 2) + 48ζ1(2, 1; 5, 2) + 36ζ1(2, 2; 4, 2)
+24ζ1(2, 3; 3, 2) + 12ζ1(2, 4; 2, 2) + 144ζ (23)(1, 2; 5, 2)
+72ζ (23)(2, 1; 5, 2) + 120ζ1(1, 1; 6, 2) + 96ζ1(1, 2; 5, 2)
+72ζ1(1, 3; 4, 2) + 48ζ1(1, 4; 3, 2) + 24ζ1(1, 5; 2, 2) + 240ζ (23)(1, 1; 6, 2).
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